Journal of Statistical Physics, Vol. 90, Nos. 12, 1998

Random Perturbations of Axiom A Basic Sets
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In this paper we study small, random, diffeomorphism-type perturbations of an
Axiom A basic set. By means of the structural stability of such a basic set with
respect to time-dependent perturbations and by means of the Markov partition
of the basic set, we apply the thermodynamic formalism of random subshifts of
finite type to this situation, obtaining some ergodic-theoretic results concerning
equilibrium states.

KEY WORDS: Axiom A basic set; bundle random dynamical system; equi-
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INTRODUCTION

In this paper we consider random dynamical systems (RDS) generated by
small, random, diffeomorphism-type perturbations of an Axiom A basic set
of a deterministic diffeomorphism. We are concerned with the dynamical
properties of such an RDS near the basic set. Each individual realization
of the RDS is a time-dependent perturbation of the basic set. We first
discuss the structural stability of a hyperbolic set with respect to such time-
dependent perturbations. Using the structural stability results and the
Markov partition method, we can give a symbolic representation of the
RDS described above when the hyperbolic set is an Axiom A basic set (i.e.,
a locally maximal hyperbolic set which is transitive). This enables us to
apply the thermodynamic formalism of random subshifts of finite type
developed by Bogenschiitz and Gundlach” and Gundlach'® to the RDS,
obtaining existence and uniqueness of equilibrium states for some suitable
functions. This can be regarded as a partial version for the RDS described
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above of the program of applying statistical mechanics to diffeomorphisms
presented by Bowen® for the deterministic case. For the original work on
this program we refer the reader to Sinai® (for Anosov diffeomorphisms)
and to Ruelle’® 2% (for Axiom A attractors and for the formalism of equi-
librium states). See also the references cited in ref. 8 for other earlier contri-
butions to this subject.

In what follows we give some related definitions and a more precise
formulation of our setup. Let M be a Riemannian manifold without bound-
ary, O an open subset of M with compact closure, and f:O—-M a C"
(r = 1) diffeomorphism to the image.

Let A,< O be a compact set which is f-invariant, i.., f4,=A,. It is
said to be hyperbolic if there is a continuous Tf-invariant splitting

T,M=E®E"
and if there are two constants 0 <i,<1 and C> 0 such that for all n =0

[T < Cag &) for EckE*
[T = C~'Ag" In for yeE*

Via a change of Riemannian metric we may—and will—always assume that
C=1.If A, is hyperbolic and moreover there exists a neighborhood U of
Ay such that N2 f"U= A, then it is called a locally maximal hyper-
bolic set (LMHS) of f. An Axiom A basic set of f'is defined to be an LMHS
of f on which fis topologically transitive (i.e., f has a dense orbit).

By C"(0, M) (r = 1) we denote the set of all C" maps from O to M
equipped with the compact-open topology, which makes C'(O, M) a
Polish space. Let Emb"(O, M) be the Borel subset of C'(O, M) whose
elements are difftomorphisms from O to the images (i.e., embeddings). By
%(f) we will always denote an open neighborhood of f in Emb"(O, M)
and, when it is given, we put

o=T] u/)

and let it have the product topology. For each weQ, we write
w={..., g_1(w), go(w), g,(w),...) to express the sequence of maps corre-
sponding to w and let

gn—l(w)(’"'ogo(a)) if n>0
gn,=11d it n=0
g(@)to i og (@) if n<0
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defined wherever they make sense. Denote by 7 the left shift operator on Q.
When Q is given, we will assume that P is a Borel probability distribution
on £ which is invariant and ergodic with respect to 7. In the rest of this
paper, we will denote by Z(P) the RDS generated by g%, ne Z, w e 2, with
w being distributed according to P. Here we refer the reader to Arnold‘"
for a general theory of RDSs. Clearly, each w e 2 can be viewed as a time-
dependent perturbation of f. In this paper we are concerned with the
dynamical properties of such perturbations near a hyperbolic set of /' when
the neighborhood %( f) is sufficiently small.

Remark. Let O be an open subset of O with O’ < O. If one takes
%(f) as an open neighborhood of fin C"(O0, M) and if it is sufficiently
small, then g|,: O’ — g(0') is a diffeomorphism for any g e %(f) and one
can define g? wherever they make sense in O'. With this modification of the
definition of g”, all results given in this paper hold true if one takes O’ as
an open neighborhood of an Axiom A basic set of f and takes #(f) as a
corresponding neighborhood of fin C'(O, M).

1. STRUCTURAL STABILITY OF HYPERBOLIC SETS

In this section we give some results on the structural stability of hyper-
bolic sets with respect to time-dependent perturbations (see Ruelle'® for
earlier discussion on this topic). In this section, except when indicated
otherwise, we always assume r = | and so %(f) will be taken to be an open
neighborhood of f in Emb'(O, M), and we always assume that A, is a
hyperbolic set of f.

Theorem 1.1. There exist a number & >0 and an open neighbor-
hood #(f) of fin Emb'(O, M) such that the following hold true:

(1) For each w € Q2 and any x € 4, there exists a unique point x_,€ O
such that g7 x,, is well defined and
d(f7x, g5,x.) <o (L.1)

forall neZ.

(2) For any given 0 < ¢ < g, one can shrink %( '} given above so that
(1) holds true with ¢, being replaced with e.

(3) Let we£. Define A, = {x,: xe Ay} and
h,: Ag— A, XX,

Then 4, is compact and #,, is a homeomorphism for all we £2. Moreover,
the family of maps {h,},q has the following properties:
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(1) golw)Ay,=A.4,, hypof =gol®)h, for all we Q.

(il) {4} wegn is equi-continuous in the sense that for any given ¢’ >0
one can find ¢ > 0 such that d(x, y) <J implies d(h,x, h,y) <& for any x,
ye Ay and any we Q. So is the family {hJ'} ., in an analogous sense.

(iii) The map H: Q- C%A,y, M), w > h,, is continuous.

Proof. (1), (2), and the first part of (3) can be proved by standard
arguments in structural stability theory of hyperbolic dynamical systems
and hence their proofs are omitted here. (3)(i) is a natural corollary of (1).
(3)(iii) follows from (1) and (3)(ii) by the Arzela—Ascoli Lemma. Finally,
(3)(ii) follows from Lemma 1.2, which is given just below and which will
be also useful for later arguments. fi

Lemma 1.2. Let A, be as given above. Then one can find a
neighborhood U, of A4, a neighborhood %,( /) of f in Emb'(0, M), and
numbers py>0, Cy>0, a5€(0,1) such that the following holds true:
If weQy:=T1*2%(f), x, yeU,, ghix, ghy are well defined, g” x,
g"ye U, and d(g" x, g" y) < po for ne [ — N, N1, then d(x, y) < Cyal.

Proof. This result is an easy consequence of persistence of the hyper-
bolic structure of 4, under small perturbations. It can be proved as follows.

Take a neighborhood U, of 4, and a neighborhood %,(f) of f in
Emb'(0, M) which have the following properties:

(1) There exists an extension of T, M=E®E" to a continuous
splitting Ty M=E '@ E? and there is a number C> 0 such that for any
E=E"+ E2c E'@ E? one has

1€ :=max{|¢"], &%} < C ¢

(ii) There exist positive numbers pg, a4, and g, with 1y <ag<1 (4,
is the hyperbolic number of A4,) and 0 <g,<min{3(1 —a,), La; ' —1)}
such that the following hold true: If xe U, ge%(f), and gx € U,, then

Gg.x :=eng;)og°epr: {ée TxM: |é| </)0} g g(x)M
is well defined and, writing
Cg’x>'E1(-DE2—-)E1 (_BEZ
B cHx x g(x) £(x)

8 X

Ag, x

T()Gg’ x = <D

8 x

we can express G, . in the following way:

A 0
G = & x .
e S Yo
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where the linear maps 4, ,: E,".—> E&‘,{x), By x: EI-EL, satisty |4, .| < do,
|B, *1 <ay and where R, ,(-) is a Lipschitz map whose Lipschitz constant

with respect to [|-{lo is not bigger than &,; moreover, the map
Gg_,.x :=expx_1 og—l oexpg(x): {ée Tg(x)M: |é| SpO} - TxM

is also well defined and has similar properties.

Now, if we 2, and x, ye U, are as given in the formulation of the
lemma, putting exp; 'y=¢=¢'+ E2e E'® E? and assuming without loss
of generality |£2| > |£!], then we can easily see that

Cpozllexp . gNyllo= (ag' —20)V €1
which implies
d(x, y) =8| <2Cpolag ' —eo) "

Taking Co=2Cp, and ag= (a5 "' —¢&,) ~', we complete the proof. |

The next result extends Nitecki’s result (ref. 16, Proposition 3) on C!
upper semistability of neighborhoods of hyperbolic sets to the case of time-
dependent perturbations. The proof goes along the same line as that of
ref. 16, Proposition 3, and will be omitted here. This result will be useful in
Section 3.3, where we will deal with the ergodic theory of random pertur-
bations of hyperbolic attractors.

Proposition 1.3. There exists a neighborhood V, of A4, and for
any given £>0 one can find a neighborhood #(f) of f in Emb'(O, M)
such that there exists a family of continuous maps {H,: Vy— V, =
H,(Vy)} we Which makes the following diagram commutative:

Vo'ﬁf_lVo—_f—’ Vo

-

Vorglw) 'V, 22 v,

and satisfies d(H ,,id) <e for each w € L.

Remark 1.4. Let ¢ and (/) be as given in Proposition 1.3. If
e< gg (&g is as given in Theorem 1.1) and %(f) also satisfies Theorem 1.1
(2), then clearly h, = H,,| 4, for all we Q.

822/90/1-2-31
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The next proposition is a result describing the stability of the hyper-
bolic splitting of A, with respect to time-dependent perturbations. Let
{4,} »eq be as introduced in Theorem 1.1. Put

A= U {o} x4,

and define
G A—-4, (o x)— (10, glw)x)

Let E, be the pullback of TM by means of the projection p,: A — M,
(o, x) - x. Define

yo= inf y(E7, EY)

x€d,

where y(-, -) denotes the angle between the two associated spaces.

Proposition 1.5. For any given 1e(4y, 1) and ye (0, y,) one can
take %(f) small enough so that the following hold true:

(1) There is a continuous splitting £, = E$, @® E* such that for each
(w,x)eA

Tng(CU) Eiw,x) = Ei;(w, x)? Tng(w) Er(u,x) = El&(w,x)
and
1T gol@) &l <A (E] for SeEy, .

|T.gol@w)nl =4 "yl for nekE

(@, x)

(2) YE(s, 5 E( ) 27y for all (o, x)e 4.

(3) With A and y given above, if f is of class C? one can find a
neighborhood %(f) of fin Emb*( O, M) such that the splitting E*, @ E% is
equi-Holder continuous in the following sense: There exist constants C >0
and 6> 0 [depending only on (4, y, %(f))] such that

d(E*¢ E¢, ) < Cd(x, y)’, a=s,u

(w, x)°
for all x, ye 4, and any we Q.

Proof. The proof of (1) and (2) is a standard argument (see, for
instance, the proof of Liu and Qian ref. 13, Proposition VIL.2.1, with a
slight modification). The proof of (3) is the same as that of ref. 13,
Proposition VII.2.4. |
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We end this section with a result which is irrelevant to the later
arguments. It describes the stability of a hyperbolic set with respect to
C°small time-dependent perturbations. As before, let 4, be a hyperbolic
set of fe Emb'(0O, M). Define HYO,M)={g: 0— M, g is a homeo-
morphism from O to the image} and endow it with the C® compact-open
topology.

Theorem 1.6. For any given &> 0, there exists a neighborhood
«(f) of fin H°O, M) such that there exist a family of compact sets
(A} e [Q=TI*2%(f)] and a family of surjective continuous maps
{h,,: Ay > Ao} weq Which satisfy d(h),,id) <e, golw) A, = A’ and make
the following diagram commutative:

Ao_f_, Ay

for each we Q.

The proof of this theorem is almost the same as that of Nitecki ref. 16,
Proposition 1.

2. EQUILIBRIUM STATES OF GENERAL EQUI-HOLDER
CONTINUOUS FUNCTIONS

2.1. Basic Strategy and Basic Notions

In this section we consider equilibrium states of general equi-Holder
continuous functions for random perturbations of Axiom A basic sets as
described at the beginning of the paper. We will assume r=1 throughout
this section. Let A, be an Axiom A basic set of f, and let #(f) and
A=Ugpea {®} x4, be as given in Theorem 1.1. Write

G={gh:A,—> Ay, neZ, we}

It is a bundle RDS over (2, #(L2), P, t) with G: A - A being the corres-
ponding skew-product transformation, where Z(£2) is the Borel g-algebra
of Q. (See Bogenschiitz and Gundlach™ or Bogenschiitz® for a general
theory of bundle RDSs.) Our basic strategy is as follows. By means of a
Markov partition of A, and the family of homeomorphisms {5} ..o We
will obtain a simple symbolic representation of the bundle RDS %. This
will allow us to apply the thermodynamic formalism for random subshifts



474 Liu

of finite type, developed in Bogenschiitz and Gundlach” and Gundlach,?
to ¢, obtaining existence and uniqueness of equilibrium states of ¥ for
some suitable functions ¢: 4 — R.

Before going to our main result of this section, we first review briefly
in this subsection the notions of pressure and equilibrium states for the
bundle RDS 4. In what follows we assume that the g-algebra on € is the
completion of %(£2) with respect to P, written %(). Writing X = O and
following ref. 7, we denote by LY(Q, C(X)) the collection of all families
o={¢,€ C(A,)},eco Which are such that (w, x)— ¢,(x) is measurable
on 4 and | ¢|| :=jsupxe,,w l@,(x)] dP(w) < + co. With respect to the norm
[-1, L}(, C(X)) is a Banach space.”

Lete>0, we, and n= 1. A set F< A, is called (w, n, ¢)-separated if
max{d(g¥ x, g¥y):0<k<n—1}>¢ for any x, ye F with x# y. Given
pel' (2, C(X)), we define for n>1

n—1
(S0P (X)= 3 @8l x)
i=0

i=

and
ng(p)w,n, )

= sup { Y exp(S, ), (x): Fis an (w, n, ¢)-separated subset oan,}

xXeF

Then we call

Tg(®) :=lim lim sup ! flog ng(@Nw, n, &) dP(w)

e—+0 n—o>+ow R

the topological pressure of ¢ with respect to %.

Here we claim that, though it is not yet clear whether the topological
pressure can be defined equivalently by using liminf instead of limsup
for a general continuous compact bundle RDS (see Gundlach’® and
Meyer!®), for our present bundle RDS % we have

1
g(@)=lim lim inf ~ Jlog ng{@) @, n, &) dP(w)

e—0 no> 4+ H

for each pe LY(L, C(X)). Indeed, one can view f: A,— A, as a special
RDS % over (£, #(R2), P,t) and ¥ is conjugate to %, by means of
{hw} weqn. Thus for every ¢ e LL(Q, C(X)) one has

Tg(@) =g (Y) (2.1)
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where ¥ = {Y,=¢,°h,} .o Along the line of Walters (ref. 24, Chap. 9),
one can prove that

n,-o(l//)=lim lim infl flog ﬂyo(l//)((,l), n, &) dP(w)

e—-0 n>+oo N

Since {h,},eq and {h '}, .o are equicontinuous, for any given ¢ > 0 one
can find d,> 0 such that , - 0 when ¢ - 0 and for each we Q, x, ye A,
with d(x, p) <9, implies d(h_'x, h ' y)<e. It is easy to see that

T[fo(‘//)(w, n, 8) Sng((p)‘wa n, (se)

for all we, n21, and £>0. This together with (2.1) proves what we
claimed above. This fact will be useful in proving Proposition 3.1.
The variational principle'® ensures that for ¢ € L'(Q, C(X)) one has

ng{@)=sup {h#(g)-%f(pdp:;teu//(A,fﬁ)} (2.2)

where # (A, 9) denotes the set of %-invariant measures (i.c., Borel prob-
ability measures on A, which is G-invariant and whose projection on Q
is P), { o du=1{0,x)du(w, x), and h,(%) denotes the entropy of (4, u)
(see refs. 5 and 6 for a detailed treatment of the entropy theory of bundle
RDSs). Actually, by the ergodic decomposition theorem,® (2.2) can be
written as

Tg()=sup {hﬂ(fﬁ) +j(p du:pe (A, %)}

where (A, %) denotes the set of ergodic (with respect to G) elements of
M(A,9). W pe #(A, %) satisfies

na(9)=h () + [ ¢ d
then we call x an equilibrium state of ¢ with respect to 4.

2.2. Thermodynamic Formalism of Subshifts of Finite Type
with Random Potentials

If A=(A;)is an ny x ny matrix with each entry being 0 or 1, let

Zyo={a=(a)e{l..ng}? A,, =1ieZ}
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We will always assume that each ke {l..., n,} can occur as a, for some
ae X . Then the shift operator g: X, — X, is called a subshift of finite
type.

In this subsection we present some facts from the thermodynamic
formalism for such a deterministic subshift operator ¢: 2, - 2, with 2,
having random potentials modeled over (2, #(£2), P, t). Here we refer the
reader to refs. 7 and 10 for a theory of the thermodynamic formalism of
general random subshifts of finite type; our present setup is a special situa-
tion of that general theory. By L'(Q, C(X ,)) we denote the collection of all
families ¥ = {y,€ C(Z4)} yeo which are such that (w,a)—(a) is
measurable and (Y] :={sup,.s, [¥.(a)| dP(w) < +oc. So by a function
YyelL(Q,C(Z,)) we mean an integrable random potential of X ,. For
e LR, C(Z,)), the pressure 7 () of ¥ with respect to ¢ can be defined
in a way similar to the definition of n4(¢) given in the previous subsection.
(See ref. 10 for various equivalent definitions of pressure for general
random subshifts of finite type.)

We now apply the general theory developed in refs. 7 and 10 to our
present situation to obtain some results concerning equilibrium states of
random potentials for the shift ¢: X, > X ,. For a, be X ,, we writea ~ b
if a,=b, for all i with |i| <n. A function y e L'(Q, C(X,)) is called equi-
Holder continuous if there exist C>0 and ae(0, 1) such that for P-ae. w
one has

var,y,, :=sup{|[¥,(a) =y (b):a,beX , a ~ b} < Ca
for all ne Z*. Define
O:QAx2, - 2x2, (wa)— (1w, da)

and let #(Qx 2 ,, o) denote the set of @-invariant probability measures
on Q x2, which have marginal P on Q. For ue #(Q2x2%,,0a), let u,,,
we Q2 denote the conditional measures of u on {w} x X ,, which is iden-
tified with X', w e Q. Then, according to refs. 7 and 10, we have the follow-
ing results. If there exists Ne N such that 4¥>0 (ie., 4" has no zero
entries), then for each equi-Hélder continuous ¥ e L', C(X,)), there
exists a unique p, € .4(2 x2 4, o) such that

mo(Y) = ) + [ 0 iy

ie, py is a unique equilibrium state of § with respect to a. This g4, is
ergodic (with respect to @) and is strong-mixing in the following sense:
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Denoting by L2(u,) the collection of all families {={{,: 2~ R} .q
which are such that (w, a)~ {,(a) is measurable and (e Lz((;t,,,)u,) for
P-ae. w, then for any & ne L%(u,) one has

lim =0

n— +o

[ 0™ s gy [ & st ns [ 10 sty

[ One can define such a strong-mixing property for the bundle RDS (%4, u)
described in the last subsection in a similar way (replacing X', with 4,).]
Another main property of u, is that it is the thermodynamic limit of so-
called Gibbs distributions on finite sequence spaces. Its conditional
measures (i), weQ (called sample Gibbs states), have the following
Gibbs property: There exist C,, C,> 0 such that for P-a.c. w

(o lbeZib=a,fori=0,..m—1}
l\exp[z;";o‘ Venla'a)—log Az 'w) - Hw)]

<C, (2.3)

for all me N and all a€ Z ,, where ¥ is a one-sided function [i.e., for each
w, Y, (a)= l/~/w(t_)) whenever a,=b; for all i=0] cohomologous to ¥
[namely, there exist wel'(Q, C(X,)) and ceL'(Q,P) such that
Y=y+u—u-0+c), Mw) are random eigenvalues corresponding to ¢
given by Theorem 2.3 of ref. 10 (which is a random version of Ruelle’s
transfer operator theorem) and they satisfy j log A(w) dP(w) = r ().

2.3. Existence and Uniqueness of Equilibrium States

Let LY(Q,C(X)) be as introduced in Section 2.1. A function
pe L (Q, C(X)) is called equi-Hdlder continuous if there exist constants
C>0 and 0> 0 such that for P-a.e. w one has |@,(x)— @, y)| < Cd(x, y)°
for any x, ye A4, The main result of this section is the following

Theorem 2.1. Let A, be a C' Axiom 4 basic set of f and let #( f)
be an open neighborhood of f'in Emb'(O, M). If %( f) is given sufficiently
small, then the corresponding bundle RDS % over (2, #(R2), P, t) has the
following properties: For every equi-Holder continuous function ¢e
L(Q, C(X)), there exists a unique equilibrium state, written y,, of ¢ with
respect to %. Furthermore, y, is ergodic; and it is strong-mixing in the
sense described in Section 2.2 if f| 4 is topologically mixing.

Proof. Let Uy, %y f). po. Co, and aq be as introduced in Lemma 1.2,
Let now “#(f) be an open neighborhood of f in Emb'(O, M) with
w(f) < 2{ f) such that Theorem 1.1 holds true for #{ /) with 4, < U, and
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d(h,, id) < py/3 for all we Q [remember that Q :=[]*% %(f) when #(f)
is given].

Let # be a Markov partition for ( f, 4,) of diameter at most p,/3, as
constructed in Bowen, ref. 8, Section 3.C. Let the transition matrix 4 of
(f, #) and the map n: X, — A, be as defined in ref. 8, Section 3.D. Let
o: 2 — 2, be the subshift of finite type corresponding to A.

Now let ¢ be the bundle RDS over (2, #(R2), P, t) corresponding to
U(f). Define

I QxX, - A, (w,a)—(w, h,ma)

By the properties of # and Theorem 1.1, /7 is a surjective continuous map,
I1o@=GoII, and IT is one-to-one over the set A\d4, where 4=,cq
{w} x[hy Ujez /(O R VI*R)] and 0°R L 0“Z is the boundary of # as
defined in ref. 8.

Now let p e L (2, C(X)) be an equi-Holder continuous function with
Holder exponent 6>0 and constant C>0. Define p*=¢oIl. Clearly
p*e LY(Q, C(X,)). Write p*={p*e (£ )}pee. Then, by Lemma 1.2,
for P-a.e. w one has

var, g% < CCg(ag)”

for all ne Z%, that is, ¢* is equi-Holder continuous.

We will assume that /1], is topologically mixing. Extension of the
theorem to the general case is standard by the spectral decomposition
theorem. Then ¢: 2, — X, is also topologically mixing, or equivalently,
there is N> 0 such that 4> 0. According to Section 2.2, there exists a
unique equilibrium state, written y . e #(Q2 x X ,, 5), of ¢* with respect to
o. This u,. is ergodic and strong-mixing, and its conditional measures
(M) on {w} x X 4 have the Gibbs property (2.3). We now prove that
po(IT14)=0. Put D,=n"Y"(0°%) and D,=n""(0“4). They are closed
subsets of 2, each smaller than 24, and 6D, = D, 67'D,< D,,. Since u,,»
is @-invariant and ergodic, one has

uq,.(QxDs)z,uq,.[ N @"(sz)s)} =0 orl

nz0

Noting that the complement of D, in X, is a nonempty open set, by
(2.3) we know that Z,\D, has positive (4,s),, measure for P-ae.
and hence p,.(Q2xD;)=0. Similarly one gets p,.(2xD,)=0. This
proves p,+(117'4)=0 since 17'4=)*L O"[Q2x(D,uD,)]. Now let
Po=TT*1 s, i€, P (E)=p,(I[1"'E) for Ec2(A). Then u, is clearly
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G-invariant and its projection on £ is P, hence it is an invariant measure
of the bundle RDS ¥, ie., pu,e.#(A,%). Since II is an isomorphism
between the two bundle RDSs (o, p,«) and (%, u,), we have h, (0)=
h#( ). (See Bogenschiitz® for the definition of 1somorph1sms between
bundle RDSs and for the related results. ) So

B (9) + [ 0 dity=h, (0)+ [ 0% ditye =7,(0%) (24)

Note that for any pe #(A, %) there is ve . #(2xZ,,0) such that
IT*v=yu. (This is a well-known fact in the deterministic case. See ref. 8,
Lemma 4.3, and we refer the reader to, for instance, Rudin, ref. 18, p. 112,
for a proof of the Hahn-Banach theorem suitable for the modification. The
proof for the random case is similar by using the corresponding facts
presented in ref. 7.) This fact together with the variational principle implies
that n,(¢*) = ng(¢p) [this result can also be proved by arguments similar
to the proof of ref. 8, Proposition 2.13, together with our (2.1)] and hence
U, is an equilibrium state of ¢ by (2.4). Moreover, by this fact together
with (2.4) and Section 2.2 one easily sees that any equilibrium state of ¢
must be I7*u . and hence u,,. u,, is ergodic and strong-mixing because the
bundle RDSs (¥4, 1,,) and (o, 4,,+) are isomorphic. i

3. EQUILIBRIUM STATE OF =o'

3.1. Existence and Uniqueness of Equilibrium State of ¢=¢*!

In this section we will assume that A, is an Axiom A basic set
of feEmb* 0, M) and %(f) will be an open neighborhood of f in
Emb%O, M). Fix arbitrarily Ae(io, 1) and ye(0,y,) and, corre-
spondingly, let (/) be given so that Proposition 1.3 holds true. For we Q
and xe 4,,, define

@ (x) = —log |[det( T go(w)| g+ )|

By Proposition 1.3 (3), o™ :={9pP e C(4,)} e L (2, C(X)) and is equi-
Hoélder continuous. Thus, by Theorem 2.1, there is a unique equilibrium
state, written p,w, of @ with respect to the bundle RDS 4. pyw is
ergodic, and it is moreover strong-mixing if /|, is topologically mixing.

Note that for ue.#,(A4, %), by the Oseledec multiplicative ergodic
theorem,

j(p(“)( ¢) du(w, x) = =Y positive Lyapunov exponents of (¥, u)
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So p 4w is the unique element of # (A4, ) such that
ng(@™)= sup {hu(%) — Y positive Lyapunov exponents of (fﬁ,,u)}
ne M, b)
=h,(%) - Y. positive Lyapunov exponents of (¥4, i ,w)

We will call y,w the generalized SRB measure of the bundle RDS 4. We
also remark that, by Ruelle’s inequality,’® one has

ng(@™) <0

3.2. Escape Rate of ¥ from Neighborhoods of A,

In this subsection we keep the conditions of the last subsection. Here
we consider the relationship between pressure 74(9™) and escape rate of
% from neighborhoods of the random hyperbolic invariant sets A4,,. Given
a small neighborhood V,, of 4, for each we 2, we define for n >0

Von=iyeV, g8yeVu,, k=0,1,.,n}
and by m(-) we will denote the Lebesque measure of M. Since we do not
assume that A, is an attractor of f, some points will escape from Vi,
under actions of g¥ when #(f) and V,, are sufficiently small. Concerning
the escape rate we have the following result when V, is taken to be an
r-neighborhood of 4, ie.,

Vo=B(A,,r):={yeM:d(y 4,)<r}
We will write

B(Ay,nry={yeM: gkyeB(Au,, r),k=0,1,.,n}

Proposition 3.1. There exist an open neighborhood #(f) of f in
Emb*( O, M) and a corresponding number r,>0 such that for any
O<r<r,

lim % jlog m(B(A,,, n,r)) dP(w) =n4(e™)

n— +ow
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Remark 3.2. Under the conditions of Proposition 3.1, if U is an
open neighborhood of A, such that

UCB(Aws rO)

for all we 2, then one has

lim ! f logm(U,, ,) dP(w) < t4(@™)

n—+oo H
where
Upn={yeM:gyeUk=0,1,.,n}
and if, moreover, for some small £ >0 there holds
B(A,,e)cUc B(A,, ry)

for all we Q, then

lim L jlog m(U,, ,) dP(w) = n4(p™)

n—+w H

This result was given by Ruelle®" for the deterministic case, and such
neighborhoods U exist when %(f) is sufficiently small.

In the rest of this subsection we address to the proof of Proposi-
tion 3.1. We first present two preliminary lemmas. For we @, xe 4, ¢>0,
and n=0, put

B (x,ne)={yeM: dghx, gky)<e k=0,1,.,n}

Lemma 3.3 (Volume lemma). There exists an open neighborhood
U(f) of fin Emb%( O, M) which has the following property: For small ¢ >0
there is a constant C,> 0 such that

Co'<m(B,(x,n, ) [det( T, golp )< C,

forall weQ, xeA,, and n=0.
The proof of the lemma is given in the Appendix.

Lemma 3.4. One can find a neighborhood W of A, with W< 0, a
neighborhood ¥7(f) of fin C'(O, M), and numbers a* >0 and L*>0
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such that, if 0<a<a* and we 12 ¥°(f), then any a-pseudo-orbit of w
that lies in W can be L*x-traced by an orbit of w.

The proof of the lemma is almost the same as that of Proposition 2.6
of ref. 12.

Proof of Proposition 3.1. First let #(f) be as given in Lemma 3.3
and fix arbitrarily small > 0. Let w e 2. Put, for n =0,

By(ne)= () Bulx.ne)

x€d,

For small 6>0, let F,, , s be a maximal (w, n, §)-separated subset of 4,
Clearly

Byne)c ) Bu(y,nod+e)

ye"w, n, &
and by Lemma 3.3

m(B,(n, &))< Csyp Y, exp(S,0™), (1)

VeF

w, n, d

On the other hand, for § <& one has

0
U B, <y, n, ~> cB,(n &)
yer, nd 2

and the term on the left-hand side of the above inclusion is a disjoint
union. So, by Lemma 3.3,

Cip X exp(S,0"), () <m(B,(n.e))
yEFa), n &
This together with Section 2.1 proves

lim I flog m(B,(n, £)) dP(w) = ng4(@™) (3.1)

n— +0o N

Now, by Lemma 3.4, one can shrink %{ 1) (if necessary) and find some
number 0 <ry<a* so that (3.1) holds true for all 0 <¢< L*ry and

B, (n,ry= B{A,,n,r)= B,{n, L*r)

for all weQ, n=0, and 0 <r<r,. Then the desired conclusion follows
from (3.1). |
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3.3. Random Perturbations of Hyperbolic Attractors

In this subsection we assume that A, is a hyperbolic attractor of
feEmb*(0, M), ie., Ay is an Axiom A basic set of f and there exists an
open neighborhood U of A, such that fUc U and (., /"U= A,. Such a
neighborhood U is called a basin of attraction of A, If an open
neighborhood #(f) of fin Emb*( O, M) is given sufficiently small, defining
the unstable manifold of the corresponding bundle RDS 4 at (w, x)e 4 as

W'w,x)={ye0:d(g"x,8,"y)>0asn— + 0}

then W¥(w, x) is the image of R* (k,=dim E¥) under an injective immer-
sion of class C"! and

WY w,x)c A,

for all {w, x)eA. In this case, a measure uc.#(A, %) is called an SRB
measure of 4 [over (2, #(R), P,t)] if its conditional measures on the
unstable manifolds are absolutely continuous with respect to the Lebesgue
measures on these submanifolds (see ref. 13, Chapter VII or ref. 3 for a
more precise definition). Given r > 0, put

B,,= ) {w}xB(4,r)

wef2

A family of functions ¢ = {¢,: B(4,,r) >R} .o is said to be equicon-
tinuous if for any given ¢ > ( there exists ¢ > 0 such that x, y € B{(A,,, r) with
d(x, y) <6 implies |@,(x)—@,(y)l <¢ for all we Q. By F'(B,,) we will
denote the set of all equicontinuous families ¢ = {¢,: B(4,,r) = R} ,cq
which are such that (w, x)+— ¢,(x) is measurable on B,, and

§ 9ol dP(w) < + oo, where (@]l :=sup,cp,, » [Pl V).
Our main result of this subsection is the following:

Theorem 3.5. Assume that A, is a hyperbolic attractor of fe
Emb*(O, M). If an open neighborhood #(f) of f in Emb* O, M) is
given sufficiently small, and correspondingly let the bundle RDS ¥
over (22, #4(R2), P, 7) be as introduced before, then there exists a unique
ue M(A, %) which is characterized by each of the following properties:

(1) uis an SRB measure of .

(2) h(9)={x(w, x)du, where yx(w,x) is the sum of positive
Lyapunov exponents of 4 at (w, x) € 4.

(3) u is an equilibrium state of ™ with respect to .
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This u is ergodic, and it is strong-mixing if, moreover, f| 4, is topologi-
cally mixing. Furthermore, it has the following genericity property: There
exists 7 > 0 such that for any ¢ € # (B, ,) one has

n—1

1
lim = Y gungby)=| odu
B ox=o 4

n— +co

for Pxm-ae. (w, y)e B, ,.

Remark 3.6. Results similar to Theorem 3.5 above were earlier
proved by Young® through a different approach. See also Kiffer'" for a
stochastic stability treatment of the related topic.

In order to prove the theorem, we first collect some facts concerning
stable and unstable manifolds of the bundle RDS ¥ in the following lemma.
The proof of these facts goes along standard lines and is omitted here [see
ref. 13, Chapters III and VII, for a reference, and keep (A.l) of the
Appendix of this paper in mind].

Lemma 3.7. Let A, be as given in Theorem 3.5. Then there exists
an open neighborhood #( f) of f in Emb?(O, M) together with numbers
a>0, K>0, and 0 <A <1 such that the following hold true:

(1) For each 0 <6 < a there exists a continuous family of C' embed-
ded k,-dimensional (k,=dim E*) disks { W$(w, X)} (w, xye« Which has the
following properties for each (w, x) e 4:

(i) Wilo, x)=exp, Graph(h{, .| (EeEs, 018 <8) ), where

Mg, 5 {feE{w,X): |¢| <a} — E¥.

(@, x)

is a C"! map with Lip(h{, ,)) <3
(i) golw) Wilw, x) c WiG(w, x)).
(i) d(ghx, ghy)<Ad(x, y) for all ye Wi{w, x) and all n0.
(iv) {yeM:dglx, giy)<O/K, nz0} = Wiw, x).

(2) The obvious counterpart of (1) for local unstable manifolds
{ W4, X)} (@, x)e 4 holds true. Moreover, W¥w, x) = 4, for all (w, x) € A.

(3) For each 0<d<a, the family of C' embedded disks
{W5(ew, z)},eW;(w, x) s absolutely continuous (see ref. 13, Chapter VII, for
the definition) and Uzewg(w, « Wilw, z) is a neighborhood of x.

Proof of Theorem 3.5. The equivalence of (1) and (2) is proved in
ref. 3. By Theorem 2.1, in order to prove the first part of the theorem, it is
sufficient to show m4(@™) =0 when %(f) is sufficiently small.
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First let %(f) be given so that Proposition 3.1 and Lemma 3.6 hold
true. Let ry, be the corresponding number given by Proposition 3.1, We
may assume that the number « given by Lemma 3.6 satisfies 2a <r, and
B(Ag, 2a) = U,, where U, is given by Proposition 1.3,

For0<d<aand weQ, put Wi(4,)=U,cs, Wilw, x). If we denote
(s 3 fs fo) BY o, then A, =A,. Since Wi (A,) is a neighborhood
of Ao, there exists 0<p <a/3K such that B(A,, p)c W g (A4,). Now
choose 0 <¢ < p/4 and shrink %( /), if necessary, such that Proposition 1.3
holds true for the ¢ > 0 given above. Then, by Proposition 1.3 and Lemma
3.6, one has

B <Aw, g) cB (Ao, %’) cH, B(A,, p)

C H, W ex(do) = Wi(Ad,)

< () B4, n2a)

nz0

for all w e Q. By Proposition 3.1, one has
ng(9™)=0

This proves the conclusions of Theorem 3.5, except for the last assertion.
Define r = p/4. Since yu is ergodic and it is an SRB measure, the last conclu-
sion follows from the Birkhoff ergodic theorem and Lemma 3.6 together
with the fact B(A4,, r) = W3(A,,) for all we 2 (see ref. 25 or ref. 13, Chapter
VII, for a detailed proof). |}

Remark 3.8. The arguments in Sections 2 and 3 exhibit some
applications of structural stability theory to the ergodic theory of bundle
RDSs arising from random diffeomorphism-type perturbations of Axiom A
basic sets. It seems that the structural stability results presented in Section
1 could also have some applications to the dimension theory of such
bundle RDSs. For example, let the bundle RDS ¢ be as introduced in the
conditions of Section 3.1 and let {A,},.q be the corresponding family of
conjugacy homeomorphisms. If %, is a Markov partition of A,, then
R, :=h,®&, 1s a random Markov partition of A, and this gives a nice
measurable partition £ := {{w} X R,: R, € Z,,, w € 2} of A. Moreover, by
Theorem 1.1 and Lemma 3.7, h,, preserves stable and unstable manifolds,
Le., h (W[, x)NnAg)=Ww, hpyx)n A, a=s,u, xe A, for each we Q2
when %(f) is small. Though it is possible to prove a version of the
Eckmann-Ruelle conjecture® for general RDSs, the technical details
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would be very complicated. However, by means of the partition 2 intro-
duced above, it is plausible that one could generalize the conjecture to our
present bundle RDS ¢ with a substantially simpler proof. [ The Eckmann-
Ruelle conjecture says in the case of % that, for each ye # (4, 9), almost
all its sample measures yu, are exact dimensional and their pointwise
dimension is equal to the sum of their stable and unstable pointwise dimen-
sions.] In the 2-dimensional case, it is also plausible to generalize
Manning’s"* result to the case of 4 by making use of the same parti-
tion 4.

APPENDIX

Proof of Lemma 3.3. We follow the main idea of Section 3 of Qian
and Zhang,'"” where a similar result is proved for a deterministic
endomorphism by adapting Bowen and Ruelle’s®”’ original idea to that
case. For our present case it is more convenient to avoid the use of local
stable and unstable manifolds.

Now let #(f) be an open neighborhood of f/ in Emb%( O, M) which
has the following properties:

(1) Proposition 1.5 holds true for %(f) and for some given
A€ (4g, 1) and ye(0, y4). This implies that there exists a constant K= K(y)
such that for any (€ E,, { =(+ E“e B @ EY,
1] :=max{|&*], [} <K [¢] (A1)
(ii) There exist ry >0, Ay =1 such that for any (w, x)e 4
g(w,x) ',=6ng_o(lw)xﬁg0(w)oexpx'_ {ée TxM: ‘é‘ grO} - go(w)xM

g(;;,x) ::expx_logO(w)—loexng(w)x: {’76 Tgo(w)xM: |’7‘ <rO} - TxM

are well defined,

sup |T¢g~(w, x)" sup ITr/gN(?o.x)I <4, (A2)
EeT M, )€l<r t]ETgo(w)_‘M, 17l <rgy
and
Lip(T.& o, ) Lip(T.2(, ) < 4o (A3)

where the Lipschitz constants are taken with respect to |-].
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Let k,=dim E* and A, =4k, (24,)%. Fix arbitrarily &,>0 so that
go<min{3(1 —2), H(A~'— 1)} and (L1 +¢¢) "' —gu> 1. Define u = (4 + 2¢,)
[(A+¢&9) ' —2go] ' <. Fix arbitrarily d,e(0, 1) so that e %o <1 —4,.
Finally, choose r >0 such that

. Jo
< s 1-— A.
r < min {ro KA’ ,( )AOAIK} (A4)

and for any (w, x)e 4

Llp( R(m, x))’ Llp( (w x)) 2K (AS)

where R, x) = (&, x) — Tof(w x) | (cer,m: 161 <ry» Riw, x) I8 defined analo-
gously, and the Lipschitz constants are taken with respect to the norm |-|.
Define for we 2, xeA,, and n=0

D(x,n,r)={Eec T, M: g, ¢l <r, k=01, n}

where g{‘m,x) =kl x° " ° 8w - NOW we give some conclusions
(claims).

Claim A.1. If £eD,(x, n,r), then
Igfw,x)éi <2Kr max{ak, an—k}

for k=0, 1,.,n, where a =(A"! —¢g,) 7"

The proof of this claim is the same as that of Lemma 1.2.
Let wef, xeAd, and e T M with |£]| <r. Assume that V is a sub-
space of T, M with V@E(w o=TxM and let LV E{, o= E{, x be the

linear map such that V= Graph(L,). Write 6,(V)=|L,| and §,(& V)=
O T &0 V), k>0, if they are well defined.

Claim A.2. 1f 8,(V)<1, then 6,(¢&, V) is well defined and
0(& V)< pubo(V)+ KAo |<|.

This claim follows from (A.2)-(A.4) and the standard techniques of graph
transformation (see, for instance, ref. 13, Proposition VIL2.1).

Claim A.3. If 0y(V)<A7!5,, then

e~ MO+ I det(T 8w, x| v) < e BV +18D
det(To &, x) |E:‘w . )

)

The proof of this claim is the same as that of ref. 17, Lemma 3.4.

822/90/1-2-32
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Using Claims A.1-A.3, one can prove the following by a simple com-
putation.

Claim A.4. There exists a constant 4, > 0 such that for all (w, x) e 4
and n=0

—1 det( ng?w,x)lV)

= e <4
2 det( Tog(w, X)IE:m, ) i

x)
if e D(x, n,r) and 6o(V) < A ' 8,. With other things being fixed, 4, can
be taken arbitrarily close to | when r and 8,( V') are sufficiently small.

By standard techniques of graph transformation (see, for instance,
ref. 12) together with Claim A.2 one can prove the following:

Claim A.5. Let O0<p<r/2 be given. For (w,x)eA, define
B, 0(P)= By, (P) X B, 5(p), where B, (p)={EeE{, || <p},
a=s,u. If h: BY, (p)— B}, ,(p)isa C' map with Lip(h) <A[ ' Jy, then

there is a C' map k: Bl ,,(p) = B, »(p) with Lip(k) <A7'd, such
that

[&(w, x Oraph(h)} N Bs(o, » p) = Graph(k)
In view of (A.1), there is the following:

Claim A.6. Let 0 <p<r/2. There is a constant K,>0 such that for
all (w, x) e A one has

K;'<m, ,(Graph(h)) <K,

if h: By, (p)— B, ,(p)is a C' map with Lip(h)< A" d,, where m, ,
denotes the Lebesque measure on Graph(h) induced by its inherited
Riemannian metric as a submanifold of T, M (associated with the original

Riemannian scalar product).

Now let 0<p<#/2 be given, Fix arbitrarily (w, x)ed and n>=0.
Define for {*e By, ,,(p)

A& np)={EeTM:E—E€EY, 18 ol <p, k=0,.,n}

By Claim A5, g7, ,, C(&% n, p) is the graph of a C' map hgs 0 Biéng, »(P)
= Bin,, x(p) with Lip(hgs ,) < A7 6o, Hence, by Claim A.6,

KoV <mg oy (81 o CLE 1, p))

= |det(ng(m,x)|E“ )|dmx‘hJ éKP
C(&, n, p) (@, x) 55,0
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where hes ot Bi, o(p) = B, o(p), n“+>&°. This together with Claim A4
implies that

(KpA2)_l <rnx, hfxvo(c(és’ n, p)) Idet(Txgz)lE'('m‘x')l < KpA2

Therefore, writing N,(x, n, p)={&€ E(, «: I8¢ &l <p, k=0,..,n}, one
has by the Fubini theorem

(Co) T Sm(Ny(x, . p)) |det(Togg e N<C,
since N,(x,n, p)= foegf )(p)C(és, n,p), where m.(-) denotes the
Lebesgue measure on T, M associated with the Riemannian scalar product

and C), is a number depending only on (/) and p.
Let 0 <& <r/2K. We obtain the conclusion of Lemma 3.3 by

exp, N, <x, n, %) < B, (x,n,e)cexp, N, <x, n, %>

for all (w, x)eAd and n20. |
In a similar way one can prove the following:

Lemma A.1. (Second volume lemma). There exists an open neigh-
borhood #(f) of f in Emb%(O, M) which has the following property: For
small ¢, d > 0 there is a constant C, ;> 0 such that

whenever we 2, xe A, n=0, and y € B,(x, n, ¢).
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